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Introduction
Let X be a smooth complex projective n-fold and L a big line bundle on X, that is, having maximal Kodaira dimension: κ(X, L) = n. After Fujita, the
If L is ample, or more generally nef and big, υ(L) = (L n ), the self-intersection number of L. The volume of a general big line bundle has been studied in [F] and [DEL] ; in particular, υ (L) has been given the following geometric interpretation (Proposition 3.6 of [DEL] ): Let (kL) [n] be the moving selfintersection number of kL, that is, the number of intersection points away from the base locus of n general divisors in the linear series |kL|. Then υ(L) = lim sup k→∞ (kL) [n] k n .
Suppose now that a finite group G acts holomorphically on X, and that the action linearizes to L. Let V 1 , . . . , V c be the irreducible linear representations of G. For every k, we have an induced linear action of G on the space of global sections H 0 (X, L ⊗k ), and therefore an essentially unique decomposition
where each summand H i (X, L ⊗k ) is G-equivariantly isomorphic to a direct sum of copies of V i . For each i, set h 0 i (X, L ⊗k ) = dim H 0 i (X, L ⊗k ) and then define the i-th equivariant volume of L as
Here we shall study the volumes υ i (L) and show, in particular, that Theorem 1. In the above situation, suppose in addition that the action of G on X is faithful. Then for every i = 1, . . . , c we have
For the trivial representation this has also been observed by Ein and Lazarsfeld. Furthermore, if L is ample Theorem 1 follows from algebraic results of Howe [H] ; more generally, if L is big and numerically effective (that is, L · C ≥ 0 for every projective curve C ⊆ X) an algebro-geometric proof can be given applying the Riemann-Roch theorem on the quotient orbifold X/G (I am endebted to M. Brion and J.-P. Demailly for pointing out these approaches to me). Here we follow however a different path, based first on an asymptotic estimate of the equivariant Szegö kernels in the positive case (see below for a precise definition), and next on an equivariant version of Fujita's approximation theorem to extend the result to arbitrary big line bundles. This has the following advantages: First, as we explain below, this approach applies very naturally to the context of almost complex quantization of compact symplectic manifolds. Secondly, in the ample case, it yields the lower order terms of the expansion of h 0 i (X, L ⊗k ) in decreasing powers of k (Theorem 3), in terms of the asymptotic expansion of the total Szegö kernel, and under suitable assumptions on the dimension of the locus of points having non-trivial stabilizer.
As hinted above, we can consider similarly defined invariants in the broader context of almost complex quantization. Namely, let (X, ω) be a compact symplectic manifold with 1 2π
[ω] ∈ H 2 (X, Z), and let J be an almost complex structure on X compatible with ω. The pair (ω, J) fixes an Hermitian, hence a Riemannian, structure on X. Furthermore, by the integrality assumption on ω, there exists an hermitian line bundle L on X, having a unitary connection
) be the subspace of the space of smooth global sections of L ⊗k introduced by Guillemin and Uribe in [GU] , in terms of the asymptotic spectral properties of a certain renormalized Laplacian operator; when J is integral, ω a Hodge form on X, L an ample holomorphic line bundle, and ∇ L the unique unitary connection compatible with the holomorphic structure, H(X, L ⊗k ) is the usual space of holomorphic section of L ⊗k . The dimension of H(X, L ⊗k ) is always given, for k ≫ 0, by the Riemann-Roch formula, and the projective embeddings defined by the linear series |H(X, L ⊗k )| have a good asymptotic behaviour [BU] , [SZ] .
Suppose now that the finite group G acts faithfully on X as a group of symplectomorphisms. We may choose in the above a G-invariant compatible almost complex structure J, and then all the construction can be made equivariantly. Thus G acts linearly on H(X, L ⊗k ), and there is a direct sum decomposition as in (1)
As explained in Remark 2, the proof of the following Theorem is essentially the same as the proof of Theorem 4 below. [ω] an integral cohomology class. Choose L, J and ∇ as described above. Suppose that the finite group G acts faithfully as a group of symplectomorphisms on X, J is G-invariant, and the action linearizes to L. Then
Let us now dwell on the lower order terms of the expansion of the dimension of the covariant factors H 0 i (X, L ⊗k ), in the case where X is a complex projective manifold and L is ample. In the hypothesis of Theorem 1, let V ⊂ X be the locus of points with non-trivial stabilizer. Then V is a union of complex submanifolds of M; let c be its complex codimension. 
If V = ∅, i.e., the action of G on X is free, then
In particular, if c > s we may compute the first s terms in the asymptotic expansion of H 0 i (X, L ⊗k ) by integrating the first s terms in the asymptotic expansion of the Szegö kernel of L restricted to the diagonal (see below). In the projective case the first terms of this expansion have been explicitly computed by Lu [L] . Notation. We shall occasionally loosely shift from multiplicative to additive notation for line bundles. Furthermore, we shall generally identify without warning an invertible sheaf with the associated line bundle.
Proofs.
To fix ideas, we focus on the complex projective case; the general almost complex case is discussed in Remark 2. To ease the exposition, in the following by a G-line bundle we shall mean a line bundle on X to which the action of G linearizes.
is a G-line bundle. In particular, for any line bundle H on X, g∈G g * H is a G-line bundle in a natural manner, (very) ample if so is H.
Before dealing with a general big line bundle, let us consider the special case where L is ample.
Theorem 4. Notation being as above (with X a complex projective manifold of dimension n), assume again that the action of G on X is faithful and in addition that L is an ample G-line bundle on X. Then for every i = 1, . . . , c we have
This is a special case of Theorem 3 (the case s = 0). We prove it separately because it is just what is needed from the positive case to prove Theorem 1 in full generality, and furthermore its proof also establishes, with minor modifications, Theorem 2.
Proof. Let h = h L be an hermitian metric on L such that the curvature form ω of the unique compatible covariant derivative ∇ L on L is Kähler. After averaging over G, we may assume that h,
Let L * = L −1 be the dual line bundle, with the induced heritian structure and connection, and consider the unit disc bundle
S (iR) be the connection form. Then dp =:
the orthogonal projection onto the space of boundary values of holomorphic functions in the k-th isotype with respect to the S 1 -action. For each i = 1, . . . , c, let
denote the orthogonal component onto the i-th isotype ofH k (S) with respect to the G-action. Also, letΠ k ,Π k,i ∈ C ∞ (S × S) be the Schwartz kernels of Π k and Π k,i , respectively. Clearly,Π k = iΠ k,i and
, [P] . Hence,
As in [P] , we decompose ν k,i (x) as the sum of two terms, the first being a multiple of ν k (x) and the second growing at most as k (n−1)/2 . More precisely, if G x ⊆ G is the stabilizer subgroup of x ∈ X and p ∈ S is any point lying over x, we have
Here notation is as follows:
2 -hermitian product with respect to the counting measure on G x . Furthermore, there exists a > 0 such that, setting d x = min{dist(x, gx) : g ∈ G x }, the latter term is bounded above by Ck n e −a √ kdx (see section 6 of [C] ). If, in particular, G x = {e}, where e ∈ G is the unit, the former term is (dim(V i ) 2 /|G|) · ν k (x). Let us now recall the following simple useful fact.
Lemma 1. Suppose that the finite group G acts faithfully and holomorphically on the connected projective manifold X. Then there is a nonempty
Zariski dense open subset U ⊆ X such that G x = {e} for every x ∈ U.
Set Z = X \ U; thus Z is a proper algebraic subvariety of X of codimension, say, c. For ǫ > 0 let V ǫ ⊆ X be the ǫ-neighbourhood of Z in the geodesic distance associated to ω. Then V ǫ has volume ≤ Cǫ 2c , where C is a constant. On the other hand, by the above and the asymptotic expansion of ν k (x) in Theorem 1 of [Z] , n! k −n ν k,i (x) is in any event a bounded function. Therefore,
There exists δ = δ ǫ > 0 such that dist(x, gx) > δ if x ∈ X \ V ǫ and g = e.
Hence
Summing up,
Since n! k
Remark 2. The asymptotic expansions used in the proof also hold in almost complex quantization [BU] , [SZ] , [P] , but the off-diagonal estimate on the k-th Fourier coefficient of the Szegö kernel from [C] has been proved only in the complex projective case. However, in the more general almost complex case we still have the estimate
from [BU] and [SZ] , which is still enough to prove the theorem. Furthermore, since G preserves the Riemannian structure on X associated to ω and J, in place of Lemma 1 we may as well use Theorem 8.1 on page 213 of [S] : the set of all x ∈ X with non-trivial stabilizer is a finite collection of proper submanifolds (the action being faithful). The same argument, with minor changes, thus also proves Theorem 2. Proof. Let H be any ample G-line bundle on X. Then, perhaps after replacing H by H ⊗k|G| for some fixed k ≫ 0, we may assume that the linear series H 0 (X, H) G (corresponding to the subspace of G-invariant sections of H) is base point free. In fact, by [P] , for any i = 1, . . . , c and k ≫ 0 the base locus of H 0 i (X, H ⊗k ) is contained in the locus {x ∈ X : (α k x , χ i ) Gx = 0} (notation here is as in the proof of Theorem 4, with L = H). If |G| divides k then (α k x , χ i ) = g∈Gx χ i (g); if V i is the trivial representation this is |G x | = 0. Let then V 1 , . . . , V n−1 ∈ H 0 (X, H) G be general divisors; their complete intersection is a smooth G-invariant curve C ⊆ X. As A is ample, for m ≫ 0 the restriction
is a surjective G-equivariant linear map. Hence for every i = 1, . . . , c we have surjective maps
On the other hand,
, where W m is a line bundle of degree one on C (hence ample) and d m = m(A · C) + (B · C). In other words, for m ≫ 0 and every i there are surjections
Since Pic 1 (C) is compact, for any ǫ > 0 there is a uniform estimate
This completes the proof.
Lemma 3. Let X be a smooth complex projective n-fold, G a finite group acting holomorphically on X and L a big G-line bundle on X. Then for any G-line bundle H on X there exists m 0 ∈ N such that for every integer m ≥ m 0 and every i = 1, . . . , c we have
Proof. This extends to our setting Lemma 3.5 in [DEL] , and the proof only requires some slight modifications to the argument given there. Fix i ∈ {1, . . . , c} and ǫ > 0. By definition, there is a sequence
Fix m ≫ 0 and set ℓ ν = kν m , r ν = k ν − ℓ ν m so that, in additive notation,
After replacing H by H ⊗ E for a suitably positive G-line bundle E on X, we may suppose that H is a very ample G-line bundle. Furthermore, as in the proof of Lemma 2, perhaps after replacing H by a suitably large tensor power of H ⊗|G| , we may also assume that H 0 (X, H) G is base point free. Choose a smooth divisor D ∈ H 0 (X, H) G . Since D is a G-invariant submanifold of X, perhaps after a change of linearization we may also suppose that the bundle action of G on H is the natural action on O X (D) induced by the action on k(X). Thus for every G-line bundle A on X we have a G-equivariant isomorphism
where I Z ⊆ O X denotes the ideal sheaf of a closed subscheme Z ⊆ X. Furthermore, for every i = 1, . . . , c the short exact sequence of sheaves
Finally, by the statement of Lemma 2 we may also assume that
G is non-zero, in additive notation tensor product by σ determines injections
for every ν; therefore
Now we set A = L ⊗kν (−jD) in (4), and proceed inductively as in loc. cit., Lemma 3.5. More precisely, for any s > 0 the exact sequences
The statement follows as in [DEL] by letting ℓ ν ≫ m ≫ 1.
In particular, if L is any big G-line bundle on X, for any ǫ > 0 there is
for every integer m ≥ m 0 . Unless V i is the trivial representation, the spaces H 0 i (X, L ⊗k ) do not form a graded linear series. Therefore homogeneity of υ i does not follow directly from Lemma 3.4 of [ELN] .
Lemma 4. Let L be a nef and big G-line bundle on X. Then
Proof. By the definition of
. Fix rational numbers ǫ, δ > 0 and let A be an ample G-line bundle on X. Let r ≫ 0 be an integer such that rδ ∈ N. By choosing r sufficiently large and divisible, we may assume that there exists a G-invariant non-zero section σ ∈ H 0 X, O X (rδA) G . Tensor product by σ determines for every i injective maps
Since L + δA is ample, for r ≫ 0 we have
and taking ǫ and δ arbitrarily small we conclude that
This implies the statement.
Proof. Fix m ≫ 0 with dim φ m (X) = n, where
is the rational map associated to the linear series |L ⊗m |. Let ψ :
where F is the fixed divisor of |ψ * (L ⊗m )| and M is a base point free (hence nef) big G-line bundle on X ′ . For every k we have G-equivariant injective maps 
Proof. Fix a G-invariant very ample smooth divisor A ⊆ X and let σ ∈ H 0 (X, O X (A)) G be a section with A = div(σ). Consider the short exact sequence
By taking V i to be the trivial representation, we see in particular that there exists D ∈ |L| of the form D = A+E, where A and E are G-invariant Qdivisors, with A ample and E effective. If m ∈ N is such that mA and mE are integral, we obtain G-invariant injections
Similarly, of course, υ(L) ≥ (A n ). Theorem 1 is now a consequence of the following equivariant version of a Theorem of Fujita [DEL] , [F] .
Theorem 5. Let X be a smooth projective n-fold, G a finite group acting holomorphically and faithfully on X. Let L be a big G-line bundle on X. Fix ǫ > 0. Then there exists a G-equivariant birational modification (depending on ǫ) µ :
Proof. By Fujita's Theorem, for every ǫ > 0 there exist a birational modification µ : X ′ → X and a decomposition µ * (L) ≡ A + E, with Q-divisors A and E, ample and effective respectively, such that (A n ) ≥ υ(X, L) − ǫ. Thus, in order to ensure the second inequality for every i we need only give an equivariant version of the proof in [DEL] , Theorem 3.2.
To this end, it suffices to produce for every ǫ > 0 a birational modification µ : X ′ → X and a decomposition µ * (L) ≡ A + E, where A and E are Ginvariant Q-divisors on X ′ , A is big and nef and E is effective, satisfying the stated numerical conditions. In fact, by Lemma 6, A ≡ A ′ + D, where A ′ and D are ample and effective G-invariant divisors, respectively. Therefore, for any δ ∈ Q + we have A + E ≡ A ′′ + F , where A ′′ = (1 − δ)A + δA ′ is ample, F = E + δD is effective and ((A ′′ ) n ) approximates (A n ) as closely as desired.
Let B be a G-line bundle on X, so positive that R =:
is very ample and H(X, R)
. Tensoring with σ ⊗ℓ determines for every ℓ ≥ 1 and i = 1, . . . , c injective linear maps
Let us now consider the asymptotic multiplier ideal [DEL] J = J (X, ||M m ||).
is globally generated by Theorem 1.8 of [DEL] , so is the G-line bundle A m =: µ * (L ⊗m )(−E m ) on X ′ . Since all the sheaves involved are G-sheaves and σ and E m are G-invariant, using Theorem 1.8 (iii) of loc. cit., subadditivity and tensor product by σ ⊗ℓ we have a chain of G-equivariant inclusions
Thus A m is a nef and big G-line bundle on X ′ ; we have 3 Proof of Theorem 3.
By theorem 8.1 on page 213 of [S] , V is a union of submanifolds. If H ⊂ X is a subgroup and V H ⊂ X is the submanifold of the points fixed by H, around any p ∈ V H there are local coordinates in terms of which every g ∈ H is a linear transformation, and therefore V H is a linear subspace. Therefore, H acts freely on the unit sphere bundle of the normal bundle of V H , and this implies that there is a > 0 such that dist(gx, x) ≥ a dist(x, V H ), for any x sufficiently close to V H and every g ∈ H \ {e}. It follows, in the notation of the Theorem, that there exists a > 0 such that if x ∈ V ǫ for sufficiently small ǫ > 0, then dist(gx, x) ≥ aǫ for g = e (e is the neutral element of G). The constants involved in the coming estimates will be allowed to vary from line to line without mention. In view of the above and the off-diagonal estimate on the Szegö kernel discussed in section 6 of [C] , if x ∈ V ǫ and g = e then |Π k (gx, x)| ≤ Ck n e −a √ kǫ .
Arguing as in the proof of Theorem 1, we have the following estimates:
